Block and Basu bivariate exponential model Joint probability density function Conditional probability density function Maximum likelihood estimators Asymptotic distribution Fisher information matrix EM algorithm a b s t r a c t Block and Basu bivariate exponential distribution is one of the most popular absolutely continuous bivariate distributions. Extensive work has been done on the Block and Basu bivariate exponential model over the past several decades. Interestingly it is observed that the Block and Basu bivariate exponential model can be extended to the Weibull model also. We call this new model as the Block and Basu bivariate Weibull model. We consider different properties of the Block and Basu bivariate Weibull model. The Block and Basu bivariate Weibull model has four unknown parameters and the maximum likelihood estimators cannot be obtained in closed form.
Introduction
Block and Basu [3] obtained the bivariate exponential distribution (BBBE) from the Marshall-Olkin bivariate exponential (MOBE) distribution by removing the singular part and retaining only the absolutely continuous part. Although MOBE is a singular bivariate exponential distribution, BBBE distribution enjoys all the properties of an absolutely continuous distribution. Because of this reason, BBBE is a very popular bivariate distribution. It has been used extensively for data analysis purposes, even though it is known that the marginals of BBBE are not exponential unlike MOBE model.
Along the same line as MOBE distribution, see for example Marshall and Olkin [11] , Block and Basu bivariate Weibull (BBBW) distribution has been defined. BBBW model has been obtained from the Marshall-Olkin bivariate Weibull (MOBW) model by removing the singular part and that makes BBBW distribution as an absolutely continuous bivariate distribution. Clearly, it is a more flexible model than BBBE model because of the presence of the shape parameter. Although extensive work has been done on BBBE model, not that much of attention has been paid on BBBW model. The reason might be, in spite of the fact BBBW is more flexible than BBBE, computationally it may not be very tractable. In fact computing the maximum likelihood estimators (MLEs) of the unknown parameters of BBBW model is not a trivial issue.
In this paper we provide different properties of BBBW model. We discuss different computational issues associated in computing the parameters of BBBW model. First we consider the computation of MLEs of the four unknown parameters of BBBW model. It is observed that MLEs cannot be obtained in explicit form as expected, and they can be obtained by solving a multidimensional optimization problem. It is observed that the EM algorithm can be used quite effectively to compute MLEs of BBBW parameters. At each step (iteration), one needs to solve only a one dimensional optimization problem, and we have proposed a simple procedure to solve this problem. We have also provided the observed and expected Fisher information matrix. The expected Fisher information matrix provides the dispersion matrix of the asymptotic distribution of MLEs and the observed Fisher information matrix is needed to compute the approximate confidence intervals of the unknown parameters.
Although MOBE or BBBE model has been proposed quite some times back, only recently Karlis [7] proposed an efficient estimation technique to compute the unknown parameters of MOBE model. Moreover, in spite of the fact BBBE model has been derived from the Marshall-Olkin bivariate exponential model, it is not clear how the method of Karlis [7] can be used to compute MLEs of BBBE model. Note that BBBE model can be obtained as a special case of BBBW model and the proposed EM algorithm can be used very easily for BBBE model also. In fact in case of BBBE model, at each EM step no non-linear equation needs to be solved.
The remaining part of the paper is organized as follows. In Section 2 we introduce the model and provide different properties of the model in Section 3. The maximum likelihood estimators are discussed in Section 4. Analysis of one data set has been presented in Section 5 and finally we conclude the paper in Section 6.
BBBW: Model description
We use the following notation for the rest of the paper. If X has a univariate Weibull distribution with the shape and scale parameters as α > 0 and λ > 0 respectively, then for x > 0, the probability density function (PDF) is defined as follows;
The corresponding survival function (SF) and the hazard function (HF) will be denoted by S WE (x; α, λ) and h WE (x; α, λ) respectively. A Weibull distribution with the shape parameter α and the scale parameter λ will be denoted by WE(α, λ).
Suppose U 0 follows (∼) WE(α, λ 0 ), U 1 ∼ WE(α, λ 1 ) and U 2 ∼ WE(α, λ 2 ) and they are mutually independent. If X 1 = min{U 0 , U 1 } and X 2 = min{U 0 , U 2 }, then the joint distribution function of (X 1 , X 2 ) is called the Marshall-Olkin bivariate Weibull distribution. The joint survival function of (X 1 , X 2 ) can be written for z = max{x 1 , x 2 } as;
It may be observed that the joint survival function of (X 1 , X 2 ) can be written as a mixture of an absolutely continuous part and a singular part as follows;
where S a (·, ·) is the absolutely continuous part and S s (·, ·) is the singular part. Note that for z = max{x 1 , x 2 },
and S a (x 1 , x 2 ) can be obtained by subtraction as
Note that BBBW distribution can be obtained from MOBW distribution by removing the singular part and keeping only the continuous part. The joint PDF of BBBW can be written as
here c is the normalizing constant and c = λ 0 +λ 1 +λ 2 λ 1 +λ 2 . Therefore, the joint PDF of (Y 1 , Y 2 ) can be written as (5) and it will be denoted by BBBW(α, λ 0 , λ 1 , λ 2 ). The joint survival function of Y 1 and Y 2 is S a (·, ·). The joint PDF of (Y 1 , Y 2 ) is unimodal and the surface plot of f BB (y 1 , y 2 ) for different values of α and λ 0 , keeping λ 1 = λ 2 = 1, are provided in Fig. 1 . From Fig. 1 , it is clear that it can take different shapes, which can be very useful for data analysis purposes.
From the joint PDF f BB (y 1 , y 2 ), it is immediate that when λ 0 = 0, then Y 1 and Y 2 become independent and both of them have Weibull distributions. For λ 0 > 0, Y 1 and Y 2 are dependent. It will be proved later that for λ 0 > 0, Y 1 and Y 2 are positively correlated.
From the construction of the Block and Basu bivariate Weibull distribution, it is immediate that
. Therefore, the generation from the BBBW is very simple. We can adopt the following simple generation technique to generate random samples from BBBW.
Algorithm to generate from BBBW. 
Different properties
In this section we provide different basic properties of the BBBW model. First we provide the marginal and conditional distributions of BBBW model.
and
respectively, where c is the same as before.
Proof. They can be obtained by routine calculations. Now we will discuss some of the basic properties of the marginals of BBBW. We mainly mention the properties of Y 1 . The properties of Y 2 are exactly the same. From Theorem 3.1, it is clear as expected that the distribution of Y 1 is not Weibull distribution in general. For λ 0 = 0 or λ 2 = 0, the distribution of Y 1 becomes Weibull. Although the PDF of Y 1 is not Weibull in general, but the shape of the PDF of Y 1 is very similar to the PDF of a Weibull distribution. The hazard function of Y 1 is
The hazard function (HF) of Y 1 can be increasing, decreasing or constant depending on the values of α and λ's. The PDFs and HFs of Y 1 for different values of α and λ 0 for λ 1 = λ 2 = 1 are provided in Fig. 2 . The PDF of Y 1 can be written as a weighted version of WE(α, λ 0 + λ 1 ) distribution with the weight function proportional to
Therefore many properties which are available for the weighted distributions can be applied here also. Moreover, all the moments of Y 1 exist and they can be written in terms of gamma functions. Now we will discuss the conditional PDFs.
respectively.
Proof. They can be obtained by routine calculation.
Theorems 3.1 and 3.2 also can be used to generate samples from BBBW. The bivariate survival function of Y 1 and Y 2 is (11) and the marginal survival functions of Y 1 and Y 2 are
The bivariate failure rate as defined by Basu [2] can be written as
It is clear that when α = 1, it reduces to Block and Basu bivariate failure rate. When they are independent (14) reduces to product of two Weibull hazards as expected. Moreover, interestingly, along the curve y α
is an increasing, decreasing or constant according as α > 1, α < 1 or α = 1 respectively.
The hazard gradients, see [5] , of BBBW are
Now we provide the total positivity result of Y 1 and Y 2 , for identical marginals.
has the total positivity of order two (TP 2 ) property.
Proof. Note that (Y 1 , Y 2 ) has the TP 2 property if and only if for any y 11 , y 12 , y 21 , y 22 , whenever, 0 < y 11 < y 12 and 0 < y 21 < y 22 , then
Now we consider different cases as follows;
In this case
In this case it can be easily observed by simple calculation that, to prove (15) is equivalent to prove
Clearly (16) is true as y 11 < y 22 . Similarly, for other cases also it can be proved along the similar line.
Since (Y 1 , Y 2 ) have TP 2 property, therefore, for any non-decreasing function U(·, ·) and V (·, ·),
also be positively likelihood ratio dependent, i.e. it satisfies (15), see [9] . Moreover, since the joint density function is TP 2 , the joint survival function is also TP 2 , which is equivalent to right corner set
is non-decreasing in y 1 , y 2 , for every choice of y 1 , y 2 , see [4] .
The following results will be useful for data analysis purposes. The proofs are quite trivial and therefore omitted.
(a) The stress-strength parameter R = P(Y 1 < Y 2 ), has the following form;
The BBBW model satisfies all the regularity conditions for the MLEs to be consistent and asymptotically normal and we can state the following result: Theorem 3.5. If α, λ 0 , λ 1 and λ 2 are the MLEs of α, λ 0 , λ 1 and λ 2 respectively, then
here I is the Fisher information matrix and the exact expression of I is provided in Appendix B.
In the next section, we provide the method of finding the MLEs.
Maximum likelihood estimators
In this section we are mainly discussing about the computation of the MLEs of the unknown parameters α, λ 0 , λ 1 and λ 2 of the BBBW distribution, when we have a random sample {(y 11 , y 21 ), . . . , (y 1n , y 2n )}. We use the following notation: I 1 = {i : y 1i < y 2i } and I 2 = {i : y 1i > y 2i }, |I 1 | = n 1 and |I 2 | = n 2 . Based on the above notation, the log-likelihood function can be written as
Clearly, the MLEs of α, λ 0 , λ 1 and λ 2 cannot be obtained in explicit forms. They can be obtained only by solving four equations in four unknowns. We treat this problem as a missing value problem. Observe that if all the U 0 , U 1 and U 2 are known, the maximum likelihood estimates of the unknown parameters can be obtained by solving a one dimensional optimization problem. We try to exploit this property to treat this problem as a missing value problem through EM algorithm. First let us look at the complete observations and then we provide the missing observations. Let us define a pair of random variables (∆ 1 , ∆ 2 ) associated with each (X 1 , X 2 ) as follows;
If a sample is obtained from (X 1 , X 2 , ∆ 1 , ∆ 2 ), we call it as the complete observation. Note that if we have a random sample of size m from (X 1 , X 2 , ∆ 1 , ∆ 2 ), then the MLEs of the unknown parameters can be obtained as a one dimensional optimization problem as follows. Suppose we have the following observations; {(x 1i , x 2i , δ 1i , δ 2i ), i = 1, . . . m}. We use the following notation;
The likelihood contributions of the observations from the set I 0 , I 02 ,
2i respectively. It is clear from the above likelihood contributions, that given the complete observations, the MLEs of the unknown parameters can be obtained by solving one non-linear equation only.
In our case the missing observations are the whole set I 0 . We do not observe I 10 and I 121 separately, but we observe I 1 = I 10 ∪ I 121 . Therefore, in I 1 , δ 1i is known, but δ 2i is missing. Similarly, we do not observe I 02 and I 122 separately, we observe I 2 = I 02 ∪ I 122 . In this case δ 1i is missing but δ 2i is known.
The observations in Table 1 will be useful for constructing E-step of the EM algorithm. We use the following notation; Table 1 All possible cases of U 0 , U 1 , U 2 , corresponding probabilities and (∆ 1 , ∆ 2 ).
Different cases Probability
(∆ 1 , ∆ 2 )
and n 0 = |I 0 | = m − n 1 − n 2 and m ≥ n is a random number which has negative binomial distribution with parameters λ 1 +λ 2 λ 0 +λ 1 +λ 2 and n 1 + n 2 . We further use,
Therefore, based on the observations {(y 1i , y 2i ), i = 1, . . . , n}, we write the pseudo-log-likelihood function by replacing the missing observation by its expected value. It becomes
Therefore, for fixed α, at each step, the pseudo-maximum likelihood estimates of λ 0 , λ 1 and λ 2 can be obtained as
The pseudo-maximum likelihood estimate of α at each step can be obtained by maximizing the pseudo-profile log-likelihood function l pseudo (α, λ 0 (α), λ 1 (α), λ 2 (α)). It has been shown in Appendix A (see Lemma 1) that the pseudo-log-likelihood function is a unimodal function and therefore it has the unique maximum.
The maximization of l pseudo (α, λ 0 (α), λ 1 (α), λ 2 (α)) with respect to α can be performed by solving the following fixed point equation
where g(α) = ( n 0 + 2n 1 + Note that solving (21) is quite simple. We suggest to use a similar algorithm as of Kundu and Gupta [8] .
Start with an initial guess α (0) , then α (1) = g(α (0) ), similarly, α (2) = g(α (1) ) and so on. Continue the process until the convergence is obtained. Alternatively, the maximization of the pseudo-loglikelihood function can be performed by using Newton-Raphson or by bisection method also, but it is observed that they take larger number of iterations than the proposed one. Now we can provide the EM algorithm as follows. Start with an initial guess of α, λ 0 , λ 1 and λ 2 as
• Maximize l pseudo (α, λ 0 (α), λ 1 (α), λ 2 (α)) and obtain α (1) .
• Obtain λ (1) 0 = λ 0 (α (1) ), λ (1) 1 = λ 1 (α (1) ), λ (1) 2 = λ 2 (α (1) ), using (20). • Update u 1 , u 2 , v 1 , v 2 , n 0 and a 0 from α (1) , λ (1) 0 , λ (1) 1 , λ (1) 2 .
• Continue the process until the convergence is met.
Comment: Note that the above EM algorithm can be easily used for the BBBE model. In that case since α = 1, therefore Step 2 is not needed. From the ith step (i + 1)th step can be easily obtained from (20) using α = 1. 
Data analysis
In this section we analyze one data set for illustrative purposes. This data set has been obtained from [6] (page 374). It represents the bone mineral density (BMD) measured in g/cm 2 Just to get an idea about the hazard functions of the marginals we provide the scaled TTT plot as suggested by Aarset [1] , which provides an idea of the shape of the hazard function of a distribution.
For a family with survival function S(y) = 1 − F (y), the scaled TTT transform with H −1 (u) = F −1 (u) 0 S(y)dy defined for 0 < u < 1 is g(u) = H −1 (u)/H −1 (1) . The corresponding empirical version of the scaled TTT transform is given by g n (r/n) = H −1 n (r/n)/H −1 n (1) = r i=1 y i:n + (n − r)y r:n , where r = 1, . . . , n and y i:n , i = 1, . . . , n represent the order statistics of the sample. It has been shown by Aarset [1] that the scaled TTT transform is convex (concave) if the hazard rate is decreasing (increasing) and for bathtub (unimodal) shaped hazard rate, the scaled TTT transform is first convex (concave) and then concave (convex). In this case the scale TTT transform of BMDs of Dominant radius and Radius bones are given in Fig. 3 . It clearly indicates that both the marginals have increasing hazard rates. The correlation coefficient between the two variables is 0.628 and that shows they are positively correlated. We have fitted the Weibull distribution to the minimum of the two variables. The MLEs of the shape and scale parameters are 7.0795 and 11.8922 respectively. The Kolmogorov-Smirnov (K-S) distance between the empirical distribution function and the fitted distribution function is 0.141 and the corresponding p-value is 0.731. It implies that the Weibull distribution fits very well to the minimum of the two variables. Therefore it is not unreasonable to fit the BBBW model in this case.
We have used the proposed EM algorithm to compute the MLEs of the unknown parameters.
We start the EM algorithm with the initial estimate of α as 7.00. We do not have immediate initial estimates of λ 0 , λ 1 and λ 2 , but we have an initial estimate of λ 0 + λ 1 + λ 2 , i.e. 11.892. So we start the iterative process with the initial estimates of λ 0 , λ 1 and λ 2 as 3.00 each. The EM algorithm provides the estimates of α, λ 0 , λ 1 and λ 2 as 7.2547, 8.0262, 3.6399, 5.1833 respectively. Using the method proposed by Louis [10] , the 95% confidence intervals of α, λ 0 , λ 1 and λ 2 become (6.3381, 8.1712), observed that the Weibull distribution fits the minimum also quite well. Considering all these points, we can say that BBBW may be used in this case for analyzing the data.
Conclusions
In this paper we have introduced a new absolutely continuous bivariate model following the approach of Block and Basu [3] . Block and Basu [3] obtained the BBBE model from the Marshall-Olkin bivariate exponential model by removing the singular component. Exactly in a similar manner we have obtained the BBBW model from the Marshall-Olkin bivariate Weibull model by removing the singular component. It has an absolutely continuous probability density function and we have studied several properties of this new distribution. This model has four unknown parameters and we have suggested an EM algorithm to compute the MLEs. It is observed that the proposed model work quite well for data analysis purposes. Now we discuss some of the open problems. Note that although we have defined the model for the bivariate case but it is possible to define even for the multivariate case. It will be interesting to see how the estimation procedure can be generalized in this case. Moreover, Bayesian analysis of the proposed should be possible along the same line as Pena and Gupta [12] . More work is needed in these directions.
First we prove that if g(α) = i∈I y α 1i , then ln g(α) is concave. From
Therefore, ln g(α) is concave. Similarly, it follows that
are also concave functions. It implies l pseudo (α) is a concave function. Now unimodality follows by observing that as α tends to 0 or ∞, l pseudo (α) tends to −∞.
Appendix B
Expected Fisher information matrix Let the Fisher information matrix be 
Before, providing all the elements explicitly we introduce the following notations. If Z ∼ WE(α, λ),
here ψ(·) and ψ (·) are the digamma and polygamma functions. We also need the following results:
Then a 11 = n α 2 [2 + cλ 1 η(λ 0 + λ 1 ) + cλ 2 η(λ 0 + λ 2 )] , a 22 = n × 1 (λ 0 + λ 1 + λ 2 ) 2 + λ 1 (λ 1 + λ 2 )(λ 0 + λ 2 ) 2 + λ 2 (λ 1 + λ 2 )(λ 0 + λ 1 ) 2 ,
Observed Fisher information matrix
To compute the observed information matrix, we use the same notation as of Louis [10] . If the matrix S = ((S ij )) denotes the Hessian matrix and the vector U = ((U i )) denotes the gradient vector of the pseudo-log-likelihood function, then the observed Fisher information matrix can be obtained as S − UU T . Below we provide the elements of the matrix S and the vector U.
S 11 = n 0 + 2n 1 + 2n 2 α 2 + λ 0 i∈I 2 y α 1i (ln y 1i ) 2 + i∈I 1 y α 2i (ln y 2i ) 2 + n 0 a α 0 (ln a 0 ) 2 , + λ 1 i∈I 1 ∪I 2 y α 1i (ln y 1i ) 2 + n 0 a α 0 (ln a 0 ) 2 + λ 2 i∈I 1 ∪I 2 y α 2i (ln y 2i ) 2 + n 0 a α 0 (ln a 0 ) 2 , S 12 = S 21 = i∈I 2 y α 1i ln y 1i + i∈I 1 y α 2i ln y 2i + n 0 a α 0 ln a 0 , S 13 = S 31 = i∈I 1 ∪I 2 y α 1i ln y 1i + n 0 a α 0 ln a 0 , S 14 = S 41 = i∈I 1 ∪I 2 y α 2i ln y 2i + n 0 a α 0 ln a 0 , S 22 = n 0 + u 1 n 1 + v 1 n 2 λ 2 0 , S 23 = S 32 = 0, S 33 = n 1 + v 2 n 2 λ 2 1 , S 34 = S 43 = 0, S 44 = u 2 n 1 + n 2 λ 2 2 . U 1 = n 0 + 2n 1 + 2n 2 α + i∈I 1 ∪I 2 ln y 1i + i∈I 1 ∪I 2 ln y 2i + n 0 ln a 0 − λ 1 i∈I 1 ∪I 2 y α 1i ln y 1i + n 0 a α 0 ln a 0 − λ 2 i∈I 1 ∪I 2 y α 2i ln y 2i + n 0 a α 0 ln a 0 , − λ 0 i∈I 2 y α 1i ln y 1i + i∈I 1 y α 2i ln y 2i + n 0 a α 0 ln a 0 ,
